Abstract. We study certain densely defined unbounded operators on the Fock space. These are the annihilation and creation operators of quantum mechanics. In several complex variables we have the ∂-operator and its adjoint ∂ * acting on (p, 0)-forms with coefficients in the Fock space. We consider the corresponding ∂-complex and study spectral properties of the corresponding complex Laplacian˜ = ∂∂ * + ∂ * ∂. Finally we study a more general complex Laplacian˜ D = DD * + D * D, where D is a differential operator of polynomial type, to find the canonical solutions to the inhomogeneous equations Du = α and D * v = β.
Introduction
Purpose of this paper is to consider the ∂-complex and to use the powerful classical methods of the ∂-complex based on the theory of unbounded densely defined operators on Hilbert spaces, see [7] , [15] . The main difference to the classical theory is that the underlying Hilbert space is now not an L 2 -space but a closed subspace of an L 2 -space -the Fock space of entire functions A 2 (C n , e −|z| 2 ). It is well known that the differentiation with respect to z j defines an unbounded operator on A 2 (C n , e −|z| 2 ). We consider the operator ∂f = n j=1 ∂f ∂z j dz j , which is densely defined on A 2 (C n , e −|z| 2 ) and maps to A 2 1,0 (C n , e −|z| 2 ), the space of (1, 0)-forms with coefficients in A 2 (C n , e −|z| 2 ). In general, we get the ∂-complex where 1 ≤ p ≤ n − 1 and ∂ * denotes the adjoint operator of ∂. We will choose the domain dom(∂) in such a way that ∂ becomes a closed operator on A 2 (C n , e −|z| 2 ). In addition we get that the corresponding complex Laplaciañ
with dom(˜ p ) = {f ∈ dom(∂) ∩ dom(∂ * ) : ∂f ∈ dom(∂ * ) and ∂f * ∈ dom(∂)} acts as unbounded self-adjoint operator on A complex Laplacian is a differential operator of order one. Nevertheless we can use the general features of a Laplacian for these differential operators of order one. Using an estimate which is analogous to the basic estimate for the ∂-complex, we obtain that˜ p has a bounded inversÑ p : A 2 (p,0) (C n , e −|z| 2 ) −→ A 2 (p,0) (C n , e −|z| 2 ) and we show thatÑ p is even compact. In addition we compute the spectrum of˜ p .
The inspiration for this comes from quantum mechanics, where the annihilation operator a j can be represented by the differentiation with respect to z j on A 2 (C n , e −|z| 2 ) and its adjoint, the creation operator a * j , by the multiplication by z j , both operators being unbounded densely defined, see [5] , [4] . One can show that A 2 (C n , e −|z| 2 ) with this action of the a j and a * j is an irreducible representation M of the Heisenberg group, by the Stonevon Neumann theorem it is the only one up to unitary equivalence. Physically M can be thought of as the Hilbert space of a harmonic oscillator with n degrees of freedom and Hamiltonian operator
In the second part we consider a general plurisubharmonic weight function ϕ : C n −→ R and the corresponding weighted space of entire functions A 2 (C n , e −ϕ ). The ∂-complex has now the form
where 1 ≤ p ≤ n − 1. Finally we prove a formula which is analogous to the Kohn-Morrey formula for the classical ∂-complex, see [7] , [15] or [1] . We will show that
, where the term T is non-positive.
Finally we investigate operators of the
) are polynomial differential operators with constant coefficients. Differential operators of polynomial type on the Fock space were also investigated by J.D. Newman and H. Shapiro in [11] and [12] and by H. Render [13] in the real analytic setting. Replacing ∂ by D one gets a corresponding complex Laplacian˜ D = DD * + D * D, for which one can use duality and the machinery of the ∂-Neumann operator ( [8] , [9] ) in order to prove existence and boundedness of the inverse to˜ D and to find the canonical solutions to the inhomogeneous equations Du = α and D * v = β.
The Fock space
We consider the Fock space A 2 (C n , e −|z| 2 ) consisting of all entire functions f such that
It is clear, that the Fock space is a Hilbert space with the inner product
Setting n = 1, we obtain for f ∈ A 2 (C, e −|z| 2 ) that
where C is a constant only depending on z. In addition, for each compact subset L of C there exists a constant C L > 0 such that
for all f ∈ A 2 (C, e −|z| 2 ). For several variables one immediately gets an analogous estimate. This implies that the Fock space A 2 (C n , e −|z| 2 ) has the reproducing property. The monomials {z α } constitute an orthogonal basis, where α = (α 1 , . . . , α n ) ∈ N n 0 is a multiindex, and the norms of the monomials are
It follows that each function f ∈ A 2 (C n , e −|z| 2 ) can be written in the form
Hence the Bergman kernel of A 2 (C n , e −|z| 2 ) is of the form
See [17] for an extensive study of the Fock space.
We point out that the space A 2 (C, e −|z| 2 ) serves for a representation of the states in quantum mechanics (see [4] ), where a(f ) = df dz is the annihilation operator and a * (f ) = zf is the creation operator, both of them being densely defined unbounded operators on A 2 (C, e −|z| 2 ). The span of the finite linear combinations of the basis functions ϕ α is dense in A 2 (C, e −|z| 2 ). Hence both operators a and a * are densely defined. The function
and
hence both operators a and a * are unbounded operators on A 2 (C, e −|z| 2 ). But taking a primitive of a function f ∈ A 2 (C, e −|z| 2 ) yields a bounded operator
Then the function
defines a primitive of f and we can write
whereφ k = ϕ k−1 and the constant term in the Taylor series expansion of the primitive is always 0. This implies immediately that T is even a compact operator. This is also a special result from the theory of Volterra-type integration operators on the Fock space of the form
see [2] .
Next we define the domain of the operator a to be
Then dom(a * ) consists of all functions g ∈ dom(a) such that the densely defined linear functional L(f ) = (a(f ), g) is continuous on dom(a). This implies that there exists a
Let f ∈ dom(a) and g ∈ dom(a * ). Then
where we used integration by parts in the first step (see (3. 3) for a detailed proof) and that
An alternative proof uses Taylor series expansion: let
Remark 2.1. (a) We point out that the commutator satisfies [a, a * ] = I, which is of importance in quantum mechanics, see [4] .
we get from the last results that
Lemma 2.2. The operators a and a * are densely defined operators on A 2 (C, e −|z| 2 ) with closed graph.
Proof. By general properties of unbounded operators, it suffices to prove the assertion for a (see [7] or [16] ). Let (f j ) j be a sequence in dom(a) such that lim j→∞ f j = f and lim j→∞ a(f j ) = g. We have to show that f ∈ dom(a) and a(f ) = g. By (2.1) it follows that (f j ) j converges uniformly on each compact subset of C to f and the same is true for the derivatives lim j→∞ f
2 (C, e −|z| 2 ) and we know that taking primitives does not leave A 2 (C, e −|z| 2 ). Therefore we get that f ∈ dom(a), which proves the assertion.
For the rest of this section we consider the Fock space in several variables with the weight
We will denote the derivative with respect to z by ∂ and in the following we will consider the ∂-complex for the Fock space in several variables
where
) denotes the Hilbert space of (p, 0)-forms with coefficients in A 2 (C n , e −|z| 2 ), and
with summation over increasing multiindices J = (j 1 , . . . , j p ), 1 ≤ p ≤ n − 1; and we take
g j dz j with holomorphic coefficients is invariant under the pull back by a holomorphic map F = (F 1 , . . . , F n ) :
We have
where we used the fact that
The expressions
(b) For p = 0 and a function f ∈ dom(˜ 0 ) we havẽ
For p = n and a (n, 0)-form F ∈ dom(˜ n ) (here we identify the (n, 0)-form with a function), we have˜
Before we continue the study of the box operator˜ p , we collect some facts about Fock spaces with more general weights.
Generalized Fock spaces
Let ϕ :
with inner product
It is easily seen that A 2 (C n , e −ϕ ) is a Hilbert space with the reproducing property. Hence it has a reproducing kernel K ϕ (z, w) (Bergman kernel) which has the following properties:
can be written in the form
We study the ∂-complex
where A 2 (p,0) (C n , e −ϕ ) denotes the Hilbert space of (p, 0)-forms with coefficients in A 2 (C n , e −ϕ ), and
The adjoint operator to ∂ depends on the weight:
We use the Gauß-Green Theorem in order to compute the adjoint ∂ * ϕ . Let Ω = {z ∈ C n : r(z) < 0}, where r is a real valued C 1 -function with
on bΩ = {z : r(z) = 0}. Without loss of generality we can suppose that |∇ z r| = |∇r| = 1 on bΩ. For u, v ∈ C ∞ (Ω) and
The Gauß-Green Theorem implies that
where dσ is the surface measure on bΩ.
In our case we have holomorphic components f J and g jJ and the inner product
Now let Ω = {z : |z| < R} and take r(z) = |z| 2 −R 2 R and apply (3.1) to get
By Cauchy-Schwarz we get
and as
the right hand side of (3.2) tends to zero as R tends to ∞. So we obtain for the components of the (p, 0)-form f and the (p + 1, 0)-form g
where we used the fact that the components f J are holomorphic. Hence we obtain
, [15] .
In the following we prove an identity which is analogous to the Kohn-Morrey formula for the ∂-complex (see [15] , [7] ). Now an additional non-positive term appears, which vanishes for the weighted ∂-complex.
Proof. We get since
where we used the fact that for f, g ∈ A 2 (C n , e −ϕ ) we have
Since we have
so we get the desired result. 
and we obtain
If n = 1 and u is a (1, 0)-form, we have ∂u = 0 and
Theorem 3.4. The last term in Theorem 3.2 n j,k=1
is always non-negative; we have n j,k=1
ϕ , where R ϕ denotes the orthogonal projection R ϕ = I − P ϕ and
we get from (3.4) that n j,k=1
by the last computation in the proof of Theorem 3.2. This term can be written in the form n j,k=1
and we are done.
This follows from
where we used again that the components u j are holomorphic.
Now we generalize Theorem 3.2 for (p, 0)-forms
We obtain
where ǫ kM jJ = 0 if j ∈ J or k ∈ M or if k ∪ M = j ∪ J, and equals the sign of the permutation kM jJ otherwise. The right-hand side of the last formula can be rewritten as (3.7)
In order to prove this we first consider the (nonzero) terms where j = k (and hence M = J). These terms result in the portion of the first sum in (3.7) where j / ∈ J. On the other hand, when j = k, then j ∈ M and k ∈ J, and deletion of j from M and k from J results in the strictly increasing multi-index K of length p − 1. Consequently, these terms can be collected into the second sum in (3.7) (in the part with the minus sign, we have interchanged the summation indices j and k). In this sum, the terms where j = k compensate for the terms in the first sum where j ∈ J. Now one can use the same reasoning as in the last proof to get
The ∂-Neumann operator on the Fock space
As an immediate consequence of (3.5) and (3.9) we get what is called the basic estimates.
The proof of the last results follows easily from the corresponding results for general Fock spaces, see Theorem 3.2 and (3.9). Now we can use the machinery of the classical ∂-Neumann operator to show the following results.
Lemma 4.2. Both operators ∂ and ∂ * have closed range. If we endow dom(∂) ∩ dom(∂ * ) with the graph-norm ( ∂f
Proof. We notice that ker∂ = (im∂ * ) ⊥ , which implies that
If u ∈ ker∂ ∩ ker∂ * , we have by (4.1) that u = 0. Hence :
In addition
Proof. Since (˜ u, u) = ∂u 2 + ∂ * u 2 , it follows that for a convergent sequence (˜ u n ) n we get
which implies that (u n ) n is convergent and since˜ is a closed operator we obtain that˜ has closed range. If˜ u = 0, we get ∂u = 0 and ∂ * u = 0 and by (4.1) that u = 0, hencẽ is injective. Using again general results on unbounded operators on Hilbert spaces we get that the range of˜ is dense, therefore˜ is surjective. We showed that˜ :
is bijective and therefore has a bounded inversẽ
which implies (4.3).
Following the classical ∂-Neumann calculus we obtain
on dom(∂) and
Proof. For u ∈ dom(∂) we have ∂u = ∂∂ * ∂Ñ p u and
which proves (5.4). In a similar way we get (4.5). Now let k ∈ (ker∂) ⊥ and u ∈ dom(∂), then 
2 ) with ∂α = 0 we get
If we apply ∂ to the last equality we obtain:
and since ∂Ñ p α ∈ dom(∂ * ) we have
Finally we set u 0 = ∂ * Ñ p α and derive from (4.7) and (4.8) that for ∂α = 0 α = ∂u 0 ,
and we see that u 0 ⊥ ker ∂, since for h ∈ ker ∂ we get
and using (4.3) we obtain
Now we discuss a different approach to the operatorÑ which is related to the quadratic form
For this purpose we consider the embedding
where dom(∂) ∩ dom(∂ * ) is endowed with the graph-norm
The graph-norm stems from the inner product
The basic estimates (4.1) imply that ι is a bounded operator with operator norm
By (4.1) it follows in addition that dom(∂) ∩ dom(∂ * ) endowed with the graph-norm
Equation (4.9) suggests that as an operator to dom(∂) ∩ dom(∂ * ),Ñ coincides with ι * and as an operator to A 2 (p,0) (C n , e −|z| 2 ),Ñ is equal to ι • ι * , see [7] or [15] for the details.
HenceÑ is compact if and only if the embedding
. . , α n ). Hence the graph-norm of the basis elements ϕ α equals
Then (ψ α ) α constitutes a complete orthonormal system in the Hilbert space dom(∂) ∩ dom(∂ * ) endowed with the graph-norm, notice that
and we have
For the norm of A 2 (C n , e −|z| 2 ) we have
where we finally used Bessel's inequality for the Hilbert space dom(∂) ∩dom(∂ * ) endowed with the graph-norm. This proves that
is a compact operator and the same is true for
For arbitrary p between 1 and n we can use (3.9) and the same reasoning as before to get the desired conclusion.
Compare with the ∂-Neumann operator N on L 2 (C n , e −|z| 2 ) : in this case N fails to be compact, see [7] . This is related to the fact that the kernel of ∂ is large (it is the Fock space) in case of the ∂-complex, but the kernel of ∂ consists just of the constant functions in case of the ∂-complex on the Fock space.
In order to compute the spectrum of the operator˜ p we will use the following Lemma 4.7. Let A be a symmetric operator on a Hilbert space H with domain dom(A), and suppose that (x k ) k is a complete orthonormal system in H. If each x k lies in dom(A), and there exist λ k ∈ R such that Ax k = λ k x k for every k ∈ N, then A is essentially self-adjoint and the spectrum of A is the closure in R of the set of all λ k .
See [3] or [7] . Proof. Recall that the monomials (ϕ α ) α , where α = (α 1 , . . . , α n ) ∈ N n 0 is a multiindex, constitute a complete orthonormal system in A 2 (C n , e −|z| 2 ). We use (2.5) and compute
We use Lemma 4.7 and indicate that there are n+|α|−1 n−1 monomials of degree |α|. Hence we get the assertion about the multiplicity from the fact that A
The last result implies also that the inverseÑ p of˜ p is a compact operator with the eigenvalues 1/(m + p). Note that the complex Laplacian q of the ∂-complex on L 2 (C n , e −|z| 2 ) has also the eigenvalues q + m for m = 0, 1, 2, . . . , but each of them have infinite multiplicity, see [10] , [6] , [7] .
The general ∂-complex
Now we return to the classical Fock space but replace a single derivative with respect to z j by a differential operator of the form p j ( ∂ ∂z 1 , . . . ,
∂ ∂zn
), where p j is a complex polynomial on C n , see [11] , [12] . We consider the densely defined operators Proof. First we have
where we used (5.3). Now the assumption (5.4) implies the desired result. 
